Abstract. The Fractional-order Di erential Equations (FDEs) have the ability to model the real-life phenomena better in a variety of applied mathematics, engineering disciplines including di usive transport, electrical networks, electromagnetic theory, probability, and so forth. In most cases, there are no analytical solutions; therefore, a variety of numerical methods have been developed for obtaining solutions to the FDEs. In this paper, we derive numerical solutions to various fractional-order Riccati-type di erential equations using the Euler Wavelet Method (EWM). The Euler wavelet operational matrix method converts the fractional di erential equations to a system of algebraic equations. Illustrative examples are included to demonstrate validity and e ciency of the technique.
Introduction
Fractional Di erential Equations (FDEs) have di erentiator operators of non-integer orders. There has been an increasing interest in modeling using FDEs, since they have the ability to model the real-world phenomena more accurately in a variety of disciplines such as visco-elasticity [1] , solid mechanics [2] , bioengineering [3, 4] , economics [5] , continuum mechanics [6] , signal processing [7] , system analysis [8] , optimal control [9, 10] , and numerical solutions to integral and di erential equations [11] [12] [13] . Since most of the fractional-order di erential equations do not have analytical solutions, there have been numerous numerical methods developed to attain solutions to them, including Adomian Decomposition Method (ADM) [14, 15] , Variational Iteration Method (VIM) [16] , Fourier transforms [17] , Laplace transforms [18] , eigenvector expan-*. Tel.: +90 212 3834610 E-mail address: artur@yildiz.edu.tr doi: 10.24200/sci.2018. 51246.2084 sion [19] , Homotopy Perturbation Transform Method (HPTM) [20, 21] , and various wavelet methods [22] [23] [24] [25] . In many areas of engineering and applied science, such as transmission-line phenomena, optimal ltering, network synthesis, robust stabilization, image processing, control theory, etc., Riccati di erential equations are utilized. Recently, various numerical methods [26] [27] [28] [29] have been developed to solve Riccati di erential equations. As for the numerical methods for fractional Riccati di erential equations, Yuzbasi [30] developed a numerical method using the Bernstein polynomial; Mabood et al. [31] used the Optimal Homotopy Asymptotic Method (OHAM); Li et al. [32] applied a Reproducing Kernel Method (RKM); Odibat and Momani [33] used the Modi ed Homotopy Perturbation Method (MHPM); Khader [34] used the fractional Chebyshev nite di erence method; and Sakar et al. [35] applied an Iterative Reproducing Kernel Hilbert Space Method (IRKHSM) to get the solutions to fractional Riccati di erential equations.
In this paper, we consider the following Riccati di erential equations of the form: D y(t) = u(t) + v(t)y(t) + w(t)[y(t)] 2 ; t > 0; n < n + 1; (1) which is subject to the initial conditions y k (0) = g k and k = 1; 2; ; n 1, where is the fractional derivativeorder parameter; n is an integer; u(t), v(t), and w(t) are given functions; and g k is a constant.
When is a positive integer, the fractional equation becomes a classical Riccati di erential equation.
The wavelet theory is one of the popular areas in applied science and engineering, such as segmentation, data compression, and time-frequency analysis. Wavelets generally provide accurate modeling in both time and frequency domains. Moreover, it is possible to develop fast numerical algorithms using wavelets [36] . The main advantage of using wavelet methods is that, after the discretization process, the obtained coe cient matrix of the algebraic equations is a sparse matrix, which decreases the computational load and expedites the simulation.
The focus of this paper is on solving the fractional Riccati di erential equations by using Euler wavelets. The Euler wavelets are constructed by Euler polynomials. The method consists in reducing the fractional di erential equation to a system of algebraic equations with unknown coe cients by using Euler wavelets. Even though the Euler polynomials are not based on orthogonal functions, they have the operational matrix of integration. In addition, numerical examples have demonstrated that the Euler wavelet performs better in approximating an arbitrary function than the Legendre and the Chebyshev wavelets do [37] .
The structure of the paper is as follows: In Section 2, we present some basic de nitions and properties of the fractional calculus. In Section 3, the Euler wavelets are constructed and the Euler Wavelets Operational Matrix of the Fractional Integration (EWOMFI) is derived. In Section 4, we apply EWM to the solution to the fractional Riccati di erential equations through numerical examples; and the conclusion is presented in Section 5.
Preliminary concepts
In this section, we present de nitions for the preliminary fractional calculus used in the paper.
De nition 1. The Riemann-Liouville fractional integral operator of order is given as:
For 0, 0, a 0, and 1, we have the following properties of the Riemann-Liouville fractional integral:
ii) I (I f(t)) = I (I f(t)) = I + f(t);
iii) I (t a) = ( + 1) ( + + 1) (t a) + :
The Riemann-Liouville fractional derivative is de ned by:
where n is an integer and t > 0. However, the derivative of the Riemann-Liouville operator has certain shortcomings in modeling real-world phenomena. Therefore, in this paper, we use the modi ed version of the fractional di erential operator D proposed by Caputo, which is given in the following de nition.
De nition 2. The Caputo de nition of the fractional derivative operator is given by the following expression:
The relation between Riemann-Liouville operator and Caputo operator can be expressed by the following two common equations:
and:
The reader is referred to [18] for more details about fractional di erentiation and integration.
Derivation of the operational matrix of fractional integration for Euler wavelets 3.1. Wavelets and Euler wavelets
Wavelet analysis uses localized wavelike functions called`wavelets.' A family of wavelets consists of a mother wavelet and dilated and translated versions of the mother wavelet. By making the dilation parameter a and the translation parameter b vary continuously, we can obtain the following family of continuous wavelets as [24] ; (13) where m = 0; 1; 2; ; M 1 and n = 1; 2; 3; ; 2 k 1 . The coe cient
is for normality, the dilation parameter is a = 2 (k 1) , and the translation parameter is b =ñ2 (k 1) . E m (t) represents the Euler polynomials of the order m and given as follows [38] :
where m k is the binomial coe cient. The rst few Euler polynomials yield: E 0 (t) = 1; E 1 (t) = t 1 2 ; E 2 (t) = t 2 t; E 3 (t) = t 3 2 3 t 2 + 1 4 ; :
Function approximation
A function f(t) de ned over [0,1) may be expanded by Euler wavelets as: 
It is known that any square integral function f(t)
de ned in [0,1) can be expanded into an m 0 set of BPFs as:
where: and f i is given as:
The Euler wavelet matrix can also be expanded to an m 0 set of BPFs as:
The block pulse operational matrix for fractional integration F is de ned as [39] :
where: The reader is referred to [37] for the convergence analysis of the Euler wavelet basis.
Numerical examples
In this section, we provide three numerical examples to demonstrate the accuracy of the Euler Wavelet Method (EWM). Matlab R2017a has been used for the simulations. We have also calculated the order of convergence, which is expressed as [40, 41] 
This nonlinear system of equations can be solved using Newton iteration method and the vector of unknown coe cients C can be computed. After calculating the vector C, we can obtain the numerical solution for y(t) using Eq. (36) . Figure 1 shows the EWM solution for m 0 = 80 and the exact solution for = 1. The comparison between the exact solution and EWM solution for various values of m 0 is presented in Table 1 . As can be seen in the table, even fairly small values of k = 3 and M = 3 (m 0 = 12) produce a good approximation. As m 0 increases, the absolute error decreases to the order of E-9. EWM solution for m 0 = 80 with various fractional values of is given in Figure 2 . As approaches 1, the solution to the fractional-order di erential equation approaches the solution to integer-order di erential equation. The order of convergence is given in Table 2 . As it is shown [41, 42] , this rate tends to 2. Using the same approximation as that given for Example 1 in detail, we obtain the following nonlinear equation, the solution to which produces C coe cients: Table 3 . The results indicate two important features; rstly, unlike in the other methods, the absolute error does not increase in the EWM as t increases and secondly, for the m 0 values greater than 96, the EWM provides better approximation. Another comparison for = 0:75 is given with various values of m 0 in Table 4 . Euler wavelet solution for m 0 = 80 with various fractional values of is given in Figure 4 . Again, it can be stated that the solution to the fractional-order di erential equation approaches the solution to integerorder di erential equation as approaches 1. 
where 0 < 1. The exact solution for = 1 is given as y(t) = e 2t 1 e 2t +1 . The nonlinear equation used to obtain the coecient vector C becomes: Table 5 . As can be seen in the table, EWM provides better approximation. Another comparison of the numerical results with = 0:75 is given for various values of m 0 in Table 6 . Euler wavelet solution with m 0 = 80 for various fractional values of is given in Figure 6 . Again, the results show that the solution to the fractional-order 
Conclusion
In this paper, numerical solutions to various fractionalorder Riccati-type di erential equations were obtained using the Euler Wavelet Method (EWM). The operational matrix of fractional integration was obtained for Euler wavelets and applied for obtaining the solution to several fractional-order Riccati di erential equations. It has been shown elsewhere that the Euler wavelets perform better than other wavelet methods [37] .
The Euler Wavelet Method (EWM) results in sparse coe cient matrices; therefore, it has shorter simulation duration and lower memory requirements. The numerical solutions given in detail in Section 4 proved that the EWM was a better approximation to the exact solution than other numerical solution methods when larger values of m 0 were used for integer orders (corresponding to taking more samples for dis- cretization). Moreover, the numerical solutions for the fractional orders showed that as approached 1, they approached those for the integer orders. The results proved that the method could be applicable to various other fractional di erential equations. The approach used here can be applied to the related di erential equations in [43] .
